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Motivation

· Consider Boltzmann equation :

/ > v

2+ n+ V . Tal = Q(u , u) .......
V2[
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=f= -1-57 = p.
v .Swdw vex-stable prosse

Tanaka : Probabilistic +reatment of the Botsmann equation of maxwellian molecules
.

PTRF
.

1978.

Mischler-Monhot : Kac's program in kinetic theory .

Invent. Math .
2013.

Rüdiger-Sundar : Identification and existence of Boltsmann processes .

2024

1/19



Levy process
Lo = 0

,

· L = ( (+ )+>
,

0 E Lt-Ls Holln , URS)
,
Lt-IsELos

,
OcS < +

LE(L -

,
()eind limP(((+ -(s) - 2) = 0

· Leng-Khintchine formula : Fett-P -
SinisFriday
ird

p13) =2151+ b .3+ [e3-1-161212131327] rid)

· Levy-Ito's decomposition :
ENIt ,

A) = tr(A)

Lt = aWt + bt +StdeSN18K]

NIt , Al:=ISOLEAL OLt = Lt -ht-
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-stable process

· Let * CELt de 10, 2]

↑ (3) = 1319
· vial = S:SantairwZidw der -

Zidw)= danet Vidal =Cadizid-d]& ↳ 27=f
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· < =2) Lt = Wt

·
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1-dim -stable processes

2 idw)= Swildw)
,
rida)=*Gold) --Soldzin)di Soldzitz)-Goldra

↳ (3)= Bik 4/19



Our Model
⑧

dX+ = (k*Mt)(X+ )dt + dLt,

where st is the time marginal contesolution· distributional-dependent SDE CDDSDE
· mean-field SDE

o McKean-Vlasov SDE Assume :

· Fokker-Planck equation :

int S10.>Zidw) > 0
2+ p=- div(k* P) . P) . OEggd-1

5
< 1 : supercriticle ceptele Poller

S -= 1 = criticle ( 8+ p = a . 59 Px
= Polk-at) (

X > 1 : subcriticle - f

PreePrec
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Well-posedness
dX+ = k(X+)dt + d(t

B30 , strong (221)

· (Fanaka-Tsuchiya-Watanabe 1974,
JMKV) d= 1

,
KECP &B > 1-2

,
weak (de10, 21)

& 1
, BE10,

1-x) = ill-posed .

· (Priva 2012
,
OsakaJM) KECP B > 1-2

, strong (2 > 1)

B > 1-E
, strong

· (Chen-Song-Zhang 2018
, RMI) KecP [ Bx1-1)vo ,

weak (2x)

· (Chen-Zhang-Zhaw 2021
, TAMS) Multiplicative noise (2 - 0)

22
,
KEcP

,
pece ,

0 :

· (Athreya-Butkovsky -Mythik 2020
, AOP) d= 1

, strong
· (Ling-Zhaw 2022

, JDE) Zidw) = dw
,

weak

3 Multiplicative noise

· (H.

- Nu 2023) weak

· Xie-Zhang ,
Chandru de Raynal-Menzzi-Priola, H

. -Wang-We ,
Zhaw

,
Chandru de Raymal- Menzzi
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Well-posedness
dX+ = (k*Mt)(X+(dt + d(t

Ildw) = dw ; KECPSBVo,We
· (Frikha-Konakov-Menozzi 2021

,
DCDS) : 2

· (Deng-Huang 2024) = Multiplicative noise 2

21 = Huang-Yang 2021
,
NA.

Chandru de Raynal- Jabir-Menozzi 2022
, 2023

H . -Röckner-Zhang 2024+, AOP, · 7/19



Theorem 1
. (Well-posedness)

Assume XE10,
1),

int .Wid. .

Let ke c&.

[832-2
= weak well-posed

&> 1-2 = strong well-posed.
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Approximation

· (N-particle system JPrX : = (X1 ...., X
* *
)

** dt +dLE=12.

where GLI3 is a family of ii
.

d
. X-stable process.

· (Enler scheme EnX := Xh)

x* = X + 1t - Rh)k *u)(X) + (+
- Lkh

,
+E(kh , (k+13h]

,
R= 1

,
2
, ....E

where us is the time marginal law of (X)+eto, T3.
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Approximation

· (XN,
h

.
1

, ..., yhN) = EnPNX =PrEnX =

Xhh + It-Rhkhih + Lt-Lk
,
thRso

N, j
IvX = X+ = X+Xds + LE

Enri x* = X + it - Rh)(k*un)(X) + L+
- Lah

Xi X+
= Xo + f. (kAMs)(Xs)ds + Lt
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Aim

EnPr X
PoC for Euler scheme

> En X

Zuler Erler approximation
approximation
for non-distri for

dependent DDSDES .

SDES

v V

PrX Propagation of chaos
> X
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Well-known results

· EnPrX -> PrX

Euler approximation for (non distributional-dependent) SDE driven by x-stable processes

(x > 1) [Mikuleviius - XU 2018
,

Stochastics)
, [Huang-Liao 2018

.
SAA)

, [Huang-Suo-Yuan 2023
,NA]

[Chen-Deng-Schilling - Xn 2023 ,
SPA (invariant measure)] strong convergence

(2x) [Butkovsky - Dareiotis-Gerenoser 2022 (new for Lipschitz drifts)] S
1x > 0) [Li - znew 2024 . SPL]

( > 1) [Fitoussi - Jourdain -Menozzi 2024]
, [Song-H . 2024]-> weak convergence

· PrX - X
propagation of chaos for DDSDE driven by X-stable processes

(Lipschitz Kernel) [Graham 1992
,
SPA] , [Jourdain-Méléard-Woyczynski 2008 ,

ALEA]

(Hölder in space & >1) [Cavallazzi 2022]
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Main results
①

Assume XE10,
1) EnPrX > En X

· Let BE10 , 1)
.

Then

②
~limEsmxnx)=

v ⑬ V

InX > X

· Casel : BEl1-X
,1)> weak case

-aß

O suplEg(X) - EY(Xt)/ 11911
,ph- &

tt[o,T]

· if 2(.... - (2(X01)** then 21 ...X -> (2(X+ 1)**, VR ,
as N+ D za⑤

· Case 2 : Be(1-E . 1) - strong case

· ETsupIX-X]
· Assume (PrX)0 = (X ...,X) ·

is eizid.

Then inE(su(xt]= 13/19



Draft for proof

· Probability measure space : PCIRE) <Finite measure space MCIRP]

· Measure distance : given BE10, 1)

IM-vlld;var :=supys-dri ly:sgy a
o (PC

, 11. Il pivar) is complete ;

(MIRE
, 11-Il Pivar) is not complete.
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· Consider the following two SDEs :

edx = bit, Xtidt + dLt
,

ht 10
, 1)

.,

i = 1. 2
.

· (Stability estimate

1) 1(X) - 1(XIIIBivar
.

"It-silber-birillndr

proof : consider 2x +Du + b! >H = 0
,

UH =Y = c

It formular
EyIXE) - EYIXE) = ES

.

"Cb"- b) (s) · Duct-S)(X51ds

lomizilge 3
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dXt = bit
, Xt ,Mx+ 7dt +d(t

,
xt 10

, 1)

· Assumption: BE(1-X , 1)

sup/bct ,
x

,-bit, /CI-Vlgivar- well-posednes
sup 1161t,,MillgB < A.

3
tiM

· Picard iteration

dXY
+2

= b(t ,XMX)dt + dL+

stability
=> sup sup1/2(XE)-2(X) IlBirar -> 0

,
n+ W.

myn + ETO, T]

=> existence & uniqueness
Astability 16/19



Proof for Euler approximation

· Recall : &X = blE,Xit ·Manu)de + dLt TinH=Eth ,
h1

.

dX+
= b(t

, Xt , Mx+
(dt + d(t

· zu+ u + b .+ = 0
,

ult = 0

↳ Ey(X)-EYIX]) = ES
.

"

(bisXMS- b15,X
,Mhs) Tuit-s,Xds.
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Fokker-Planck-Kolmogorov equation
+u =Ex -xx + b . +u + 7 ,

no=

Theorem : Let < , BE10 ,1) With x+ B>1. Assume bECP.

For VEto
, x) ,

there is a constant C= 2 (d .T,
X , B, r

,

llbl, B) ,

such that for XX 0
,

+Eco,
T],

11 Ulti/1
, p+r = c) Eimog + 11+51718) .

Difficulty : < 1
. (becBandere (+*

+ b . +n = (+ (-

1)(P))

Method : Characteristic line >ETH . -We-Zhang ,
2020)

.

[H. -Wang-Nu ,
2023

, PA)
JMPA

Energy estimate > 0 [Chen-Zhang-Zhew 2021
,TAMS]

, [Song-Xie ,
2023

.JDE.].
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· IxX : Propagation ofdas sie
Que

is the unique martingal solution to

S
dXt = (k+Mxt) (xt)dt + dL+

· EnPwX-EnX : induction method in Izhang ,
2019

.

ESP)

Thank you !

i i !
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